Abstract. We characterize the ideals I of O n of finite colength whose integral closure is equal to the integral closure of an ideal generated by pure monomials. This characterization, which is motivated by an inequality proven by Demailly and Pham [4], is given in terms of the log canonical threshold of I and the sequence of mixed multiplicities of I.
Introduction
Let O n denote the ring of analytic function germs f : (C n , 0) → C. Let I be an ideal of O n and let g 1 , . . . , g r be a generating system of I. The log canonical threshold of I, denoted by lct(I), is defined as the supremum of those s ∈ R >0 such that the function (|g 1 | 2 + · · · + |g r | 2 ) −s is locally integrable around 0. This number, which does not depend on the chosen generating system of I, is always rational and has a deep relation with other invariants associated to I, like the Samuel multiplicity e(I) of I (see for instance [2] and [6] ). Moreover, the log canonical threshold can be characterized in several ways and is an object of interest in algebraic geometry, commutative algebra an complex analytic geometry. We refer to [9] and [10] for properties and fundamental results about this number. The Arnold multiplicity of I, denoted by µ(I), is defined as µ(I) =
lct(I)
. If no confusion arises, we denote by m the maximal ideal of O n . If i ∈ {1, . . . , n}, then e i (I) will denote the mixed multiplicity e(I, . . . , I, m, . . . , m), where I is repeated i times and m is repeated n − i times (we refer to [8, §17] for the definition and basic properties of mixed multiplicities). We recall that e 1 (I) = ord(I), where ord(I) = max{r 1 : I ⊆ m r } and e n (I) = e(I). If u is the plurisubharmonic function given by u = max j log |g j |, then e i (I) = L i (u), where L i (u) denotes the Lelong number of the current (dd c u) i at 0, for i = 1, . . . , n. We refer to [2] and [12] , for a precise formulation of this equality. Therefore, by Theorem 1.2 of the article [4] of Demailly and Pham, if I is an ideal of finite colength of O n , then (1) lct(I) 1 e 1 (I) + e 1 (I) e 2 (I) + · · · + e n−1 (I) e n (I) .
As a consequence of a more general result stated for plurisubharmonic functions, Rashkovskii proved in [11, Theorem 1.4] a generalization of inequality (1) to ideals of O n of arbitrary codimension. Let us denote by DP(I) the sum that appears in the right hand side of (1). This article is motivated by the question of characterizing the above inequality. As a consequence of (1) and the inequality relating the arithmetical and the geometrical means of n real numbers, it follows immediately that lct(I) n/e(I) 1/n . Hence equality holds if and only if the integral closure of I is equal to m nµ(I) . We refer to [6] for the same conclusion using another procedure. Inspired by this result, we approach the problem of characterizing the equality in (1) by means of an expression for the integral closure of I. For this purpose, we introduce a class of ideals that we call diagonal ideals (see Definition 1). We characterize this class in Theorem 4. This theorem is supported by Proposition 3, where we show that DP(I) behaves as a Samuel multiplicity in the sense of the Rees' Multiplicity Theorem. Moreover we prove that the equality lct(I) = DP(I) forces that e i (I)/e i−1 (I) is an integer number, for all i = 1, . . . , n (see Proposition 7).
Results
Let us fix along the remaining text a coordinate system x 1 , . . . , x n in C n , unless otherwise stated. Let I be an ideal of O n . We denote the integral closure of I by I and the Newton polyhedron of I by Γ + (I). The support of an element g ∈ O n is defined as the set of exponents of the monomials that appear with a non-zero coefficient in the Taylor expansion of g. Let us remark that Γ + (I) is the smallest convex set of R n + containing the supports of the elements of I. In general it holds that Γ + (I) = Γ + (I) (see [1, p. 399] ). If I admits a generating system formed by monomials, then we say that I is a monomial ideal.
We define the term ideal of I as the ideal generated by all the monomials x k such that k ∈ Γ + (I). We will denote this ideal by I 0 . If I is a monomial ideal, then I is also monomial and therefore I = I 0 (see [8, p. 11] ); however the converse is not true, as is shown by the ideal I of O 2 given by I = x 2 + y 2 , xy . The ideals I for which I is generated by monomials are called Newton non-degenarate ideals (see [1] or [14] ). Definition 1. Let I be an ideal of O n . We say that I is diagonal when there exist positive integers a 1 , . . . , a n such that I = x a 1 1 , . . . , x an n .
Then any power of the maximal ideal of O n is a diagonal ideal. Moreover, any diagonal ideal is Newton non-degenerate. As a consequence of the previous definition, if I is diagonal then I 0 is also, but the converse is not true, as is shown by the ideal of O 2 given by I = x + y, x 2 ⊆ O 2 (in this case I 0 is equal to the maximal ideal). Let I be an ideal of O n of finite colength. Then by virtue of (1) and the inclusion I ⊆ I 0 we have the inequalities (2) DP(I) lct(I) lct(I 0 ).
We recall the following result of Howald [7] , where lct(I) is characterized in terms of a combinatorial characteristic of Γ + (I) if I is a monomial ideal.
Theorem 2. [7]
Let I be a monomial ideal of O n . Then
. 
As an immediate application of the Cauchy-Schwarz inequality we obtain that D is a convex subset of R n . Let us consider the function f : D → R >0 defined by
Let a, b ∈ D such that a j b j , for all j = 1, . . . , n, and let us consider the function
0, for all t ∈ D and all j = 1, . . . , n. In particular g ′ (λ) 0, for all λ ∈ [0, 1]. Hence g is a decreasing function, which implies that f (a) f (b). Then, we can apply this conclusion to the vectors a, b ∈ D defined by (4) a = (e 1 (I 1 ), . . . , e n (I 1 )), b = (e 1 (I 2 ), . . . , e n (I 2 ))
and we obtain inequality (3). We recall that the vectors a and b defined in (4) belong to D, by the properties of mixed multiplicities (see [8, Theorem 17.7 .2] or [13] ). Let us suppose that equality holds in (3). Let us consider the vectors a, b ∈ D as defined in (4). The inclusion I 1 ⊆ I 2 implies that a j b j , for all j = 1, . . . , n. Keeping the notation introduced before, the equality DP(I 1 ) = DP(I 2 ) is equivalent to saying that g(0) = g (1) . By the Mean Value Theorem there must exist some λ ∈ ]0, 1[ such that g ′ (λ) = 0. Let us observe that
Since all the terms of the previous sum are 0, the condition g ′ (λ) = 0 implies that each of these terms must be zero. In particular
If a n = b n , then λ = −b n−1 /(a n−1 − b n−1 ), which contradicts the hypothesis that λ ∈ ]0, 1[. Therefore a n = b n , which is to say that e(I 1 ) = e(I 2 ). Hence I 1 = I 2 , by the Rees' Multiplicity Theorem (see [8, p. 222 
]).
If I 1 = I 2 , then e i (I 1 ) = e i (I 2 ), for all i = 1, . . . , n, and thus DP(I 1 ) = DP(I 2 ). , where µ 0 = min{µ > 0 : µe ∈ Γ + (I)} and e = (1, . . . , 1), by Theorem 2. Let π denote a supporting hyperplane of Γ + (I) containing the point µ 0 e. Let us write the equation of π as
where c 1 , . . . , c n ∈ Q >0 . If necessary, we can reorder the variables to obtain c 1 . . . c n . Let r be a positive integer such that rc 1 , . . . , rc n ∈ Z 1 and let us denote by H the ideal of O n generated by x where the last equality follows from the relation e i (I r ) = r i e i (I), for all i = 1, . . . , n (see [8, Proposition 17.5 .1]). Then DP(I r ) = DP(H) and, by Proposition 3, we obtain that I r = H. Thus rΓ + (I) = Γ + (I r ) = Γ + (H), which implies that Γ + (I) has a unique compact face ∆ of dimension n − 1. Since the vertexes of Γ + (I) are contained in Z n 1 , we conclude that we can take r = 1 and that, in this case, the hyperplane π contains ∆. Consequently c i ∈ Z 1 and c i = e i (I)/e i−1 (I), for all i = 1, . . . , n. Hence I = x c 1 1 , . . . , x cn n , which means that I is diagonal.
Let I be an arbitrary ideal of O n of finite colength such that lct(I 0 ) = DP(I). Then, by a direct application of (1), (2) and Proposition 3 we obtain the following chain of inequalities
1 e 1 (I) + e 1 (I) e 2 (I) + · · · + e n−1 (I) e n (I) = DP(I). (8) Hence we deduce that lct(I 0 ) = DP(I 0 ), which implies, by the case analyzed before, that I 0 is a diagonal ideal. Moreover (7) and (8) also show that DP(I) = DP(I 0 ). Then I = I 0 , by Proposition 3, and consequently I is a diagonal ideal.
Remark 5. (i)
We observe that condition (b) of Theorem 4 is equivalent to impose the conditions lct(I) = DP(I) and lct(I) = lct(I 0 ), by (2) . In general the condition lct(I) = DP(I) does not imply lct(I) = lct(I 0 ) and hence it does not force the ideal I to be diagonal, as is shown in Example 6. Obviously, the condition lct(I) = lct(I 0 ) holds if I is a monomial ideal. If I is an arbitrary ideal of O n , let us denote by K I the ideal of O n generated by all the monomials x k such that x k ∈ I. Then lct(K I ) lct(I) lct(I 0 ). If we suppose that the monomial (x 1 · · · x n ) µ(I 0 ) is integral over I, then we have lct(K I ) = lct(I 0 ), by Theorem 2, and then lct(I) = lct(I 0 ).
(ii) If I denotes a monomial ideal of O n of finite colength, then the equivalence between the conditions lct(I) = DP(I) and I is diagonal also follows as a corollary of a more general result stated for multi-circled plurisubharmonic singularities and proved by Rashkovskii in [11, Theorem 1.5] following techniques from pluripotential theory.
Example 6. Let us consider the polynomials of O 2 given by g 1 = (x + y) 2 + y 4 and g 2 = (x + y)y 2 . Let I be the ideal of O 2 generated by g 1 and g 2 . Then e 1 (I) = ord(I) = 2 and e(I) = 8. If we apply to I the linear coordinate change (x, y) → (x − y, y), then we obtain the ideal J = x 2 + y 4 , xy 2 . We observe that J is a Newton non-degenerate ideal (see [1] or [14] ), which implies that J = J 0 . Since Γ + (J 0 ) has a unique compact face of dimension 1, then J 0 is diagonal and lct(J 0 ) = = DP(I). We observe that Γ + (I) has a unique compact face ∆ of dimension 1, hence I is diagonal if and only if I is generated by monomials, which is to say that I is Newton non-degenerate. Following the notation introduced in [1, p. 398] we see that (g 1 ) ∆ = (x + y) 2 , (g 2 ) ∆ = 0, and hence the solutions of the system (g 1 ) ∆ = (g 2 ) ∆ = 0 are not contained in {(x, y) ∈ C 2 : xy = 0}. Then I is not Newton non-degenerate, by [1, Proposition 3.6] and thus I is not a diagonal ideal, although lct(I) = DP(I).
Proposition 7. Let I be an ideal of O n finite colength such that lct(I) = DP(I). Then e i (I)/e i−1 (I) ∈ Z 1 , for all i = 1, . . . , n.
Proof. Let us fix a monomial order in the set of monomials x k of O n and let in(I) denote the initial ideal of I with respect to this order. According to [4, p. 7,8] and [5, Section 15.8] (see also [6] ) there exists a flat family of ideals {J s } s∈C of O n satisfying that J 0 = in(I), J 1 = I and e i (J s ) = e i (I), for all i = 1, . . . , n and all s ∈ C. In particular DP(J s ) = DP(I), for all s ∈ C. By the semicontinuity of the log canonical threshold (see [3] or [9, Corollary 9.5.39]) we have lct(J 0 ) lct(J s ) = lct(I), for all s small enough, s = 0, where the equality lct(J s ) = lct(I) follows by the existence of an isomorphism O n /J s ≃ O n /I as rings, for all s ∈ C {0} (see [5, Section 15.8] ). Therefore we have DP(I) = DP(J 0 ) lct(J 0 ) lct(I) = DP(I).
Then lct(J 0 ) = DP(J 0 ) and consequently the ideal J 0 is diagonal, by Theorem 4. In particular e i (I)/e i−1 (I) = e i (J 0 )/e i−1 (J 0 ) ∈ Z 1 , for all i = 1, . . . , n.
We remark that the converse of the above result is not true, as is shown by the ideal I = x + y, xy ⊆ O 2 , which satisfies lct(I) = 2 and DP(I) =
